The aim of this paper is to shed some light on the use of fuzzy measures and integrals as aggregation operators in multicriteria decision making. These techniques have been widely used on an ad hoc basis, but with no axiomatization. It is possible to obtain preference representation theorems in multicriteria decision making problems, relying on a formal parallelism between decision under uncertainty and multicriteria decision making. Though, it raises some commensurability problems. In this paper, we show how to obtain an axiomatization of multicriteria decision making problems, in a very natural way, and we show how to solve the commensurability problem in a particular case.
Introduction
In decision theory, we aim at representing the preferences of a decision maker, but 'also at understanding the decision maker's behavior. This pertains to both decision under uncertainty and multicriteria decision making.
Let us denote (in the uncertainty framework) by S the set of states of the world, and by X the set of consequences. Generally, the decision maker has clear preferences over X , but the preferences over the actions she/he will take to lead to some consequences depend on the true state of the world which is a priori unknown. Therefore, decision under uncertainty aims at "translating" the preferences over X into a preference relation k over the actions. A simple example is a decision maker investing money in the Stock market. The decision maker will exhibit 0-7803-7461 4/02/$17.00 0 2002 IEEE clear preferences over the consequences (e.g. earning money for a rational decisio:n maker). But, the problem is actually to decide whether to sell or buy, or do nothing, with no a priori knowledge of the true state of the world (the evolution of the Stock market).
Thanks to the work of Savage, we know that under a set of hypotheses over S, X and k, there exists a unique probability measure P over S and a unique (up to an affine transformation) utility function U :
X + R such that, i f f and g are two actions:
When examining the properties over we quickly realize that they will not be fulfilled in practice and therefore need to be relaxed. When doing so, we need to drop the independence hypothesis of Savage, namely the sure-thing principle. This was done by Schmeidler [14] , who obtained a similar result t o the one of Savage where the probability measure is replaced by a more general measure which is only monotonic with respect to the inclusion.
In the multicriteria decision making paradigm, where the decision maker has to express preferences over a multidimensional set X = X I x x X,. The decision maker is able to express preferences over a set X i , but needs to find a way to "aggregate" these partial preferences into a global preference. For example, a customer wants t o buy a car that belongs to a set X (therefore the car is represented by its attributes or criteria). The decision maker has clear preferences over a set of values of attributes Xi (e.g.
200hp is preferred to 15Ohp), but has no such clear preferences between two cars, due to compensatory effects between values of attributes.
Fuzzy measures and integrals have been widely used as aggregation operators. Nonetheless, there was no axiomatization as was the case in decision under uncertainty.
One of the authors of this paper proposed to use a formal parallelism between multicriteria decision making and decision under uncertainty to use the already existing representation results of decision under uncertainty to generate in a very natural way similar representation results in multicriteria decision making with respect to some fuzzy measure and a fuzzy integral associated to this fuzzy measure, an axiomatization that was lacking so far. When doing some, commensurability hypothesis between the sets Xi's has to be introduced but was not very satisfactory so far.
The present paper aims at presenting the above transformation process as well as solving the commensurability problem under a weak hypothesis. In the first section of this paper, we briefly recall basics of fuzzy integration, then present them from a decision making point of view. We show under which conditions, decision under uncertainty and multicriteria decision making are equivalent. This leads us very naturally to the commensurability problem, for which we present a solution.
Fuzzy integration and decision theory
In the sequel, we will restrict ourselves to the finite case, for the sake of simplicity. Besides, to establish a parallelism between uncertainty and multicriteria decision making, this is necessary as we will see.
Fuzzy integration theory
In this section, R is a finite set and P ( 0 ) is the set of subsets of R. We briefly recall the definitions of fuzzy measures and Choquet integral (for more details see for example [2], [l] ).
Definition 1 A fuzzy measure (or non-additive measure) on (R,P(Q)) is a set function p :
that is, p is a non decreasing set function w.r.t inclusion.
Remark: Fuzzy measures are also called nonadditive measures, capacities ...
We will note that a probability measure is a fuzzy measure as the addivity of the probability implies the monotonicity property.
Definition 2 Let p be a fizzy measure on (R, P ( 0 ) ) and an application f : R + [O,+oo] . The Choquet integral off w.r.t p is defined by:
where the subscript (.) indicates that the indices have been permuted in order to have f(ql)) 5 -.. This result has been refined later by Gilboa [7] , then by Wakker [17] . In the multicriteria framework, let us assume we have a Cartesian product set X = X I x --.xXn, with a preference relation on X. That is, the global score of an alternative is simply a weighted sum of the partial score.
Unfortunately, this strategy (or any additive strategy) is not sufficient to represent dependencies between criteria or attributes as is shown in the measurement theory point of view in [9] , or in [lo] . are formally equivalent when the set of states of the world S is finite. Therefore, the fact that decision under uncertainty and multicriteria decision making are formally equivalent (up to some technical details)
should not come as a surprise.
Fuzzy measures and integrals, which are nonadditive operators, become natural candidates to avoid the drawbacks of additive methods. In this case, the fuzzy measure is defined on the criteria, and acts like a weighting operator, that is, an operator defining the importance of a coalition of criteria. This is not the only interpretation of fuzzy measures in multicriteria decision making. Indeed, fuzzy measures can be used to define the interaction between two criteria i, j E I in the following way [13]:
with ((k) = i w . This representation through interaction indices happens to be much closer to the decision maker's mind than the usual measure r e p resentat ion.
Uncertainty and Multicriteria are Equivalent

From (DU) to (MCDM)
As the authors have shown. in [4] and as it was already noticed before in [6] Sor instance, decision under uncertainty with a finite number of states of the world and multicriteria decision making are formally Compared to the multicriteria decision notation:
we see that the problem of decision under uncertainty has been written in a multicriteria decision framework by identifying the states of the world with the criteria and the acts with the consequences.
From (MCDM) t o (DU)
Actually, the sbove allows us to write -a decision under uncertainty problem as a multicriteria decision making problem, where the uncertainty on the states of the world becomes equivalent to identifying the most important criterion, or set of criteria. Nonetheless, it does not allow us to write a multicriteria decision making problem as a problem under uncertainty as the set of alternatives in multicriteria decision making setting is XI x . . x X, where the sets Xi can be different, whereas in uncertainty the set of consequences is Xn. Therefore, we need to find a way to send the sets Xi into a common scale.
The solution to this problem is actually very simple and lies in the foundations of measurement theory (see for example [9j for a thorough presentation) that aims at finding necessary and/or sufficient conditions for the existence of order-preserving isomorphisms between ordered-algebraic structures and "more understandable" sets (e.g. the set of real numbers endowed with its natural order (R, >).
In the sequel, wwe assume that each set Xi is endowed with a weak order ti that is a binary relation satisfying (1) Vxi,yi E Xi, either xi ki Pi or Remark: We can assume that the weak order is an order that is x ? y and y k z implies x = y by using the quotient set X/ -. Our first step is to construct a function q5i : Xi + R such that xi >-i yi * +i(xi) 2 4i(yi) that is an order-preserving function from Xi to the real num-
bers. Under what conditions can we construct such a function? The idea is very simple. We know that the set Q of rational numbers is dense in IR that is, between two different real numbers, we can find a rational number. Besides, Q is at most countable.
The answer to our problem is simply to copy this property of the r e d numbers, called separability.
Definition 4 Let (X, 5) be a set with a weak order relation. A subset of X, A is said to be order-dense w.r.t >-iff for all x, y E X, x + y, there exists a E A such that x 2 a 2 y. X is said to be order-separable iff there exists an order-dense, at most countable subset of X .
Then, we can prove the following:
Then, we have the following theorem:
Theorem 1 Let (X,?) be a set with a weak order. (see [9] for a proof).
Then
Therefore if we assume that each set Xi is orderseparable for its weak order, we have our transformations to a common scale R. Note that from an application point of view, this is not restrictive as any finite, or at most countable set if order-separable.
These functions allow us now to transform the sets Xi in a common scale, and to write any multicriteria decision making problem as a decision under uncertainty problem. With some additional restrictions, we can show how we can use the representation theorems derived in the uncertainty paradigm, to prove similar results in the multicriteria paradigm as was shown in 1 1 1 1 following Wakker, and [12] for an extension to lotteries.
The Commensurability problem
In this section, we consider a multicriteria decision making problem (X = XI 6 Does it entail that zi and x j are equivalent in some sense? Generally no.
We will restrict the commensurability problem, to the following case: we assume that there exists an equivalence relation -between some elements z E 2 c u : . -l x i that is, the decision maker is able to express to indifference between elements in different sets. We have a partial weak order over UblXi.
An example of where such a situation could arise is if a customer wants to buy a car and has the choice between two cars, one with a very good consumer report on security, the other with a very low gas consumption. We assume the customer has no clear preference between these two alternatives.
Now, the functions q5i we have constructed axe not unique. So our question is, can we construct such a family, order-preserving for each Xi, that will also represent the weak order over 2. We will assume that 2 with this weak order is order-separable and denote by A an order-dense subset of 2 which is at most countable and uj will denote an element of A.
We will now show that such a selection if possible by constructing a function 4 : X + R which is orderpreserving over 2 and is derived from the functions q5i. For the sake of clarity, we will write q5 with no index for $ ( u j ) as each a j can be in a set XI or X 4 etc ... For every k let us define the following:
and similarly,
Now, if both q5-and q5+ are finite for a given k, the value of the constructed function at ak is the midpoint between I$-and q5+. Else, we will choose 4-+ 1 if 4+ is infinite, or 4+ -1 if 4-is infinite.
Then, for every element z E 2, we define the orderpreserving function q5 by q5b) = s w { 4 ( 4 l z + 4
Fkom this construction, it is clear that we have And therefore, we have the existence of an orderpreserving family of functions, accomodating for the partial weak order.
Conclusion
In this paper, we have presented how fuzzy measures and integrals were a natural choice to replace the probabilistic approach traditionally used in decision under uncertainty. Then, we have shown that decision under uncertainty and multicriteria decision making were formally equivalent under the conditions that the set of states of the world are finite, and the order-separability of the sets of values of attributes. This led us to a Commensurability problem.
We have seen how this problem could be solved if we assumed the set U&Xi to be endowed with a partial weak order, and order-sep,arable. Then, a previous paper has shown how to use the results existing in decision under uncertainty to derive representation theorems in multicriteria decision making, offering a simple axiomatization of the field, at least with the Choquet integral. A next step is to provide a similar approach in a more qualitative setting, using the Sugeno integral [16] following the axiomatization proposed in 151.
